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943. 


ON RECIPROCANTS AND DIFFERENTIAL INVARIANTS. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. xxvi. (1893), 
pp. 169—194, 289—307.] 


I use the term Reciprocant to denote a function of an arbitrary variable or 
variables and its differential coefficients, not connected with any differential equation ; 
and Differential Invariant to denote a function of the coefficients of a differential 
equation and the differential coefficients of these coefficients. Halphen’s differential 
invariants are thus reciprocants, but the term reciprocant is not made use of by him. 
I have entitled the present paper “On Reciprocants and Differential Invariants” ; 
in the earlier part, (except that for preserving a chrorological order, I briefly refer 
to Sir J. Cockle’s Criticoids, which are differential invariants or rather seminvariants), 
I attend almost exclusively to MReciprocants, reproducing and explaining, and in 
some parts developing, the theories of Ampére, Halphen in his first two memoirs, and 
Sylvester. 


1E 


The notion of a reciprocant first presents itself in Ampères “Mémoire sur les 
avantages quon peut retirer dans la théorie des courbes de la considération des 
paraboles osculatrices, avec des reflexions sur les fonctions différentielles dont la valeur 
ne change pas lors de la transformation des axes,” Journ. École Polyt. t. vit. (1808), 
pp. 151—191 (sent to the Institute, Dec. 1803)*. We have (p. 167) for the radius of 
curvature the expression 

_dat+y 
y": 


* A reciprocant, the Schwarzian derivative, occurs in Lagrange’s memoir, “Sur la construction des cartes 
géographiques,” Nouv. Mém. de Berlin, 1779, Œuvres, t. 1v. p. 651, but scarcely qua reciprocant, viz. the form 
4 p ttt IND 
in question L-i ( Z) , presents itself in the equation 

f uta etA a (u-ti)_, (F” (u-ti)\? 
T (utti) SNF utá) F (u-t) *\ PF’ (u-i) 


? 
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and for the parameter of the osculating parabola the expression 
54y” 
fy” +3 (y aie yy pe 
and it is explicitly noticed that each of these expressions remains absolutely unaltered 
when the coordinates æ, y are changed into any other (rectangular) coordinates whatever. 


The functions here spoken of are thus orthogonal absolute reciprocants; the 
change which leaves them unaltered is that of æ, y into X, Y, where 


X=xcos6+ysind+a, Y=- «sin 0 +ycos 6+ 8. 
For the more general change 
X =ar+by+a, Y=cu+dy+B8, 
we find without difficulty 
yactdy yn _(ad—be)y” 
aby’ (a —by’p ’ 
and thus there is not an identity of form in the expressions 
a+yY aty 
ea) E and TEESE kt ese 
But if we disregard factors, or (what is the same thing) attend to the equations 
y’=0 and Y”=0, we see that for this more general change one of these equations 


implies the other; each of them is, in fact, the condition for an inflexion of the 
curve in (a, y) or (X, Y). 


Il. 


The differential invariants, or rather seminvariants, called “Criticoids,”’ were con- 
sidered by Sir James Cockle in his paper “On Criticoids,” Phil. Mag. t. XXXIX. (1870), 
pp. 201—221; these will be more particularly considered further on, but at present 
it is sufficient to remark that the functions in question are connected with a linear 
differential equation, viz. they are functions of the coefficients of a linear differential 
equation, such that effecting thereon a transformation of the dependent variable, say 

y=f.Y, where f is an arbitrary function of the independent variable æ, the function 


is equal to the like function of the coefficients of the new equation. For instance, if 
by the transformation in question y=/.Y we transform 


dy OY) ae 


a qx t 2B ax + CY =9, 


+0 + cy = 0 into 


then we have 


en geste rhea cls ene 
Babka C eterno A 


C—-B-B=c-BP-J, 


and thence 


where F is the conjugate function of f, an equation implying that each side thereof is equal to one and 
the same constant; u-ti is of course not a function of w+ti, and thus we have here no property that 


the function oa (5) remains unaltered when for the arguments «x, y thereof we substitute X, Y, 


determinate functions of these arguments. 
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(where the accents denote differentiation in regard to x): and thus c—b— b is an 
invariant of the form in question; say it is an a-seminvariant of the differential 
equation. 


III. 


We have four important Memoirs by Halphen, (1) “Thèse d’Analyse sur les 
invariants différentiels,’ Paris (1878), (2) “Sur les invariants différentiels des courbes 
gauches,” Jour. École Polyt. Cah. xvi. (1880), pp. 1—102; (3) “Mémoire sur la 
réduction des équations différentielles linéaires aux formes intégrables,’ Mém. Sav. 
Etrang. t. xxvi. (1888), pp. 1—297, and (4) “Sur les invariants des équations 
différentielles linéaires du quatrième ordre,’ Acta Math. t. 111. (1883), pp. 325—380. 


In the Memoir, Halphen (1), the investigations are in the first instance presented 
in a geometrical form; the author considers for instance the inflexions of a plane 
curve, and so obtains the invariant y”, or using his notation 


1 el e 
1.2...k ae” 


say the invariant a, of the weight 2; similarly, the consideration of the sextactic 
points gives him the invariant a,’a;—3a,a,a,+2a,;° of the weight 9; and that of the 
points of nine-pointic contact a more complicated invariant of the weight 27: and 
with these he forms absolute invariants. But the formal analytical definition is 
given § 3, “Théorie des invariants différentiels jusqu’au huitième ordre exclusivement,” 
viz. considering the general homographic transformation 


pae +By +y p_ we +By +7 
ant Bly ty’ a'a + Boy ty” 


then if the equation 


dy dy py 
f(a, y Be, 52) =0 


is unaltered in form by the change (x, y) into (X, Y), or what is the same thing 
if the function . 


be unaltered save as to a factor, then such function is said to be a differential 
invariant: and the quotient of two functions having the same factor, which quotient 
is therefore unaltered, is said to be an absolute invariant. We may for these terms 
substitute reciprocant, and absolute reciprocant respectively. The theory is scarcely 
worked out from the definition, and indeed, as will presently appear, it is by no means 
easy to work out directly from the definition, even the foregoing sextactic invariant 
AAs — 32,4, + 2a,°, I remark that, in what follows, instead of Halphen’s dz, Qs, M4, s,..- 
I write a, b, c, d,..., viz. these are used to denote respectively 


zey oy dy ty 
da?’ 6 da?’ 24 dat? 120 gas? ***? 
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the first differential coefficient z being denoted by ¢ The foregoing invariant, or say 


the sextactic reciprocant, is thus = ad — 3abc + 2b°. (See post, XI.) 


IV. 
For the analytical theory, we have as above 


_ae +By +y _ ta +By +7 | 
ae + By ty’ aa + By +o/”’ 


taking h, k for the increments of æ, y respectively, we have 
| k =th +ah? +bh? +ch +dh> +..., 
and, similarly, taking H, K for the increments of X, Y respectively, we have 
K= TH + AH? + BH? + CH‘+ DH*+..., 


and we require the relations between the two sets of coefficients (t, a, b, c, d,...) and 
(T, A, B, ©, D,...): I propose to develop these up to d, D, so as to obtain the 
theory for the form œd — 3abc + 2b°. 
Writing for shortness &, n, ¢ for 
ax + By + y, dæ+B'y+y, d'a + By +y” 


respectively, we have 
a (@t+h)+B (y+k)+y _ẸE+ah +ßk 


| AtEm oe weak sy 02 rhea 
and thence 
H Ptah +Bk a E 
“ma C+ ah + B"k g: 
_(@&-a'E)h+(BE-B'Ek___ Ph+ Qk 
i Ele +a” h+ B"k) Eleta h + Pk)’ 
if 


P=at—a't, Q=BE-8'E, 
or, for k substituting its value, 
go P+ QDK+ Q (ali + ble cht + dh) 
= EEF (8 + Bh + B (alè + bh + ch + UP] 
rs L ih +n (ah? + bh? + cht + dh*)} 
~ ELL” {h +n” (ah? + bhi + cht + dh*)})’ 


ber Sd 


if 


B” 
TAERA Ns Wy | eee 
L =a + Bt, A a’ + B"t’ 


C. XIII. 47 
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or, putting p= 3 , say this is 
AaS h+ (ah? + bh? + cht + dh’) 


1+L" th +X” (ah? + bhè + cht + dh’)} ` 


Similarly, if 
AN ” ak hte ya ye ae 0 , Q ES 
P'= aY- a’, Y= BF Bn, L'=P + Qt, = P’ + Qt’ and p= L” 

then 

h +N (ah? + bh + cht + dh”) 
T+ L" {h +N (ah? + bh? + ch + Ahy} 
we have thus found H and K each of them in terms of h, and the elimination of h 
leads to an equation between H and K expressible in the form 

K= TH + AH’ + BH?’ + CH* + DH”. 


Writing for convenience 


wK = 


ah? + bh? + cht + dh = hQ, 


that is, 
= ah + bh? + ch? + dhi, 


we have ; ) 
(1+A0 
pH = TA + NO)’ 
yo hAG+NQ) 
Ot aed en ea 
and thence 


since, when A is small or say 2=0, we have K = TH; viz we thus have T= Pa 


Developing, we have 
K=TH [1 +NN- AN —A) 07 +07 (V’ — A) OF — AB N-A). 
We have 
Q = ah + bh? + ch? + dhé, 
= 1 b 1 $o T 5 h8 — 2 4 
h= qo Bt oo ac) Q z (50 — 5abe + œd) Q 
= p+ qg%+ ro — a, 
suppose, and hence 
ae (PO +q +708 +804)\(1+AQ) —__ 
BS STHI (pl + g +r + 8M (1 +0) 
s pQ + (q + Ap) 0? + (7 +g) OF + (s + Ar) Qt 
1+ LpA + L” (q+ Xp) OF +L" (r+ "q) X+ LL” (8 +r) OF? 
which gives H in terms of Q, and conversely Q in terms of H. We assume 
Q=XH+ YH?+ZH*+ WH; 


K is then given as above in terms of H, Q, that is, in terms of H, and it is 
assumed that we have 


K=TH+ AH*?+ BH: +0H*+ DH. 
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In the foregoing expression for K, substituting for Q its value 
XH + YVH'?+ZH*+ WH’, 
and comparing coefficients, we find 
A=(X'—r)x X, 
B=(N -vr)x Y -5% 
C=(’-A)x Z-v.2XY + 2X3, 
D=(N-dA)xX W-N(2XZ + Y*) +Nx.3 XY- NX:; 
and we have then, from the relation between H, Q, to find the values of X, Y, Z, W. 


We have 
p(XH+ YH? + ZH: + WH: ) 


— pH 
+ (q +Ap) ( XH? + 2X YH” + (2XZ + Y?) H’) 
— pH. Lp ( XH+ YH*+ ZH’ ) 
+ (7 +Aq) ( X*H? + 38X°Y.H* ) 
— pH. L” (q +r"p) ( X°*H? + 2X YH?) 
+(s +Ar) ( Asya?) 
— pH. L” (r +29) ( X*H® )=0. 
Equating coefficients, we have 


pX —p=0, 
pY +(q+ rp) X*—pl'pX = 0, 
pZ +(q+ rp) 2X V+ (r+ Arq) X*— pL" py — pL’ (¢ +p) X? = 0, 
pW +(qtrp) (2X7 ++ VY?) + (r+ rq) 3X*Y + (s +r) X! 
— pL!" pZ — pL” (q+r"p) 2X VY — pL" (r +N") X*=0, 

‘and substituting for p, q, r, s their values, we find successively after reductions, which 

for W are somewhat troublesome, the values 
X = pa, 
Y =p? {b+ aL" —ar}, 
Z = w {o+2bL" + aL’? —3abnr + 20N — BAAL” + aL}, 
W = pt {d + 30L” + 3bL’? + aL” — (4ac + 20°) N + 100A? — 5a? | 

— 12abrL” + 38abrn”L” — Gar’? + BAA” L” + 10a NL” — 40° An" LD} ; 
these values are to be substituted for X, Y, Z, W in the foregoing expressions of 
A By, D: 
I add the formule 
Q Q PO - PR 


Soraw P+ Qi (P+ QP + QO 
PQ — P’'Q= (ao — a” £) (B'E— B’n) — (BE — B’E) (@E— an) 


aut 


wela a, a’ |=fl)a, a, a! |e (a’wt+B’yty") (a, B, ¥ |, 


By By i N ES a, B, Y 
£, n, x Y, Y, y” a”, 8”, y” 
47—2 


. J 
\ Yi V \ WV \/ V 5 (Cl n = O r g 2 ( ) | 
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P + Qt =at- a+ (BE B'E) t 
=a (a"s +8'y+y’)— d" (ax + By +7) +t {B ("z+ B’y +y") — B" (aw + By + v), 
P' + Qt=aț- a'n + (BE B"n)t 
=d (d'a+B'y+ y") -a (a+ By +7) +t (8 (d'e By +y")—B" (dat By+y)) 


that is, l 
P AOSS 58, y saD QS =] as are, 1Y. > 
al BOA ge Oh ae A 
eae eee: ee pie 
whence X’ —X is known. 
Also 
„£ Wate yty 6 eee eee | 
Be ol) PRR ee PFGE? 
and 
poh _P+Q 
wi Lb P+@ 
V 
We have 


A=(N —2X) pa, 
and thus a is a reciprocant, viz. a=0 is the condition of an inflexion. 


I remark that ac— b? is not a reciprocant; we have 


AC— B=(A—-2’)? (XZ — Y>, 
and then 
XZ — Y? =p {(ac — b) -a (b — wr) + a A” — 2) LY, 


and thus AC—B is not a multiple of ac—6*, even in the particular case L” = 0. 
I notice further that we have 
(4.40 — 5B?) = (N -AF {4XZ— 5Y? + XY — XXY, 
=(N — NF p {4ac — 5b? — 2ab L” — aL’? + 4an" L"}, 
viz. in the particular case L” = 0, we have 
4A0— 5B= (N — F p (4ac — 50°), 

and thus in the particular case L”=0 (or say, if a”’=0, 8” =0, that is, if X, Y are 
mere linear functions of æ, y) we have 4ac—5b?=0 a reciprocant. But in the general 
case now in hand, it is not a reciprocant. 


We have now to consider the sextactic form a’d — 3abc + 2b. We have 
AD — 3ABC + 2B = (N -- X} {XW — 3X YZ + 2Y° +X? (XZ — Y*)}, 
and we proceed to calculate the expression in { }. Writing for shortness 
X = pd, 
Y=p?(b + aL’ +Y,), 
Z=p(c +20L" + aL” +2), 
W = ut (d +3cL" + 3bL'? + aL*+ W), 
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and then, omitting a factor uë, the expression is 
= ad—sabe + 2b° 

+ @W,— 3a (b+ aL”) Z, + {(—3ac + 6b?) + 6abL” + 3L} Y, 

+ 6 (b +aL”) Y?—3aY,Z,+2Y; 

+ Aa? {ac — b? + aZ, — 2 (b +aL") Y, — Y’), 
where the terms after the first term are in fact =0; and this being so, we have 

4?D — 34A BO + 2B = (N — NY u’ (ad — 3abc + 2b°), 

and thus a’d—3abe+ 2b? is a reciprocant; but observe that the factor being here 


(\'— Ap’, and in the equation A =(N'—A)pua the factor being (W —A)u, we cannot 
with the reciprocants a and a*d — 3abc +2b° form an absolute reciprocant. 


To verify the evanescence of the above-mentioned terms, observe that, considering 
first the terms independent of L”, we have 


æ W, = — 4aecr — 2abA + 10a*br2 — 5a4A3, 
— 3abZ, = +9a7br°~— Gabe, 
+ (— 3ac + 6b?) Y, = + 3a*cd — ODN, 
— 3aY,Z = — 9atbr? + bare, 
+ 6bY, = + bab, 
+ 2Y} = . — 2a°r3, 
+ àa (ac — b) =+ œN abr, 
+ ra®Z, = — 8a‘dr? + 2a°r3, 
+ ra?.—2bY, = + 2a‘dr?, 
+rAa.-Y? = — ar}; 
‘the sum of which is in fact =0. And next for the terms containing L”, we have 
a W, = 
— 12abA L” + 3abA” L” — 6a AL”? + 3a N” L”? + 1002L” — 4an" D", 
— 3abZ, = 
+ 9a°brL”— 3a*brn’L”, 
— 30°L’"Z, = 
+ 9a®brXL” + 90° AL’? — 8ar”L/? — 6a AL”, 
(6abL” + 3L”) Y, = 
— 6a%>rL” — 38arAL", 
— Sey (f= 
— JN” + Bard" LD”, 
+6(6+aL") Yè = 
+ 6a7L”, 


+AGZ, = 
— 8020" + aN DI", 
— 2ra? (b+ aL") Y= 
+ 2ar2L", 
the sum of which is also =0. 
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Before going further, it is proper to remark that a, b, ¢,... as representing the 
second, third, &c., differential coefficients of y are considered as being of the orders 
2, 3, 4,..., and the order of a reciprocant is taken to be the order of the highest 
letter contained therein: the degree means the degree in these letters a, b, c,..., and 
the weight the weight in these letters, reckoning them as of the weights 2, 3, 4,.... 
A reciprocant is a homogeneous isobaric function of a, b, c,..., not involving y or the 
first differential coefficient. 


ss 
To the reciprocants thus obtained, say 
U=a, V=a*d—38abe + 26, 


Halphen adds another reciprocant A (that of nine-pointic contact) which he expresses 
in the form of a determinant. 


Writing down in connexion therewith its developed expression, we have 


A= On epee. Gate Ye EAE + 1 
eB Sees a EN e e — l 
—a, 0, B, Qbe , 2d +e +as bef — 3 
0, a, 2ab, 2ac+b?, ad + be bde + 3 
Oy he ae 3ab , 8ac+ 3b? | ce + 4 

. cB — § 

+a BF + 2 

bee — 5 

bd? — 1 

bed + 14 

cé-— 4 

+a bcd — 10 

bee — 5 

+a bd + 4 

bie? + 15 

+a b'c — 12 


+a b + 3, 


where observe that the whole term in the highest letter f is at (a'd — 3abe + 2°) f, 
viz. the coefficient of f is the reciprocant a‘ (a*d —8abc + 2b°), agreeing with a general 
theorem given by Halphen. 


A is of the degree 8 and the weight 24, and it is seen without difficulty that 
the factor is =(X —A)} u. He remarks that 25A*—27V®* vanishes for a=0 (viz. it 
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becomes 256. 27b% — 27 .256b%=0), and not only so, but that it in fact contains the 
factor a‘, Assuming. that this is so, viz. that the terms in a’, a, a’, aè all of them 
vanish, I have calculated the terms in a‘, and have thus obtained an incomplete 
expression for the quotient (256A* — 27 V8) +a‘, viz. this is 


H = (256A: — 27V*)+at= 256a“ (df — e} 


+2880" Bf + 48 
bce + 120 
bd? — 64 
bed + 9288 
eit Oks 
where I remark that the term in 6" presented itself in the form 
256 (546% f— 135b"%ce + 117b%d?+ 5346b"c'd + 9477b¥c4) 
— 27( 1792b"d? — 48384b"c'd + 90720b"c*). 
We have thus Halphen’s reciprocant H of the weight 64. 


The reciprocants thus far obtained are consequently 


deg. | weight factor 
U =a 1 2 (A’—A) p 
V =a*d— 3abe + 2° 3 9 (NAF p 
A 8 24 (N — AY pe | 
H=(256A°—27V*)+at| 20 | 64 | (N-A)? p“ | 


VII. 


Reciprocants of the same degree and weight have the same factor, and may thus 
be combined in the way of addition, viz. R and S being reciprocants of the same 
degree and the same weight, then (a, 8 being constants) we have aR +S a reciprocant 
of the same degree and the same weight. The quotient of two such reciprocants has 
the factor unity, or say it is an absolute invariant. Thus A? and V: have each of 
them the degree 24 and weight 72, so that aA*+V®* is a reciprocant; in particular, 
256A? — 27 V8 is a reciprocant having the factor a‘, and it thus gives rise to the 
foregoing reciprocant H = (256A*— 27 V*) + at. 


Moreover A?-+- Ve is an absolute reciprocant. 


Any two reciprocants R, S of the same degree and same weight, or, what is the 
same thing, any absolute reciprocant R-S gives rise to a reciprocant RS’ — R’S, where 
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the accents denote differentiation in regard to æ (a’=3b, b= 4c, d =5d,...); the order 
of the new reciprocant thus exceeds by unity the order of R or S, whichever of them 
is of the highest order. 


From U, V, A, which are of the orders 2, 5, 7 respectively, it is thus possible to 
deduce a series of reciprocants Ts, Ty, Ty,... of the orders 8, 9, 10,..., respectively: 
viz. we have from the absolute reciprocant A*V~-*, first a reciprocant 3VA’—8VA, 
which, however, contains the factor U*, and we have 


UT, =3VA' — 8VA. 
We then have the absolute reciprocant UT; . V-, leading to 
T =UVT, +4(VU’'—- UV’)T,, 
then the absolute reciprocant U*7,.V~*", leading to 
T= UVT, +4(VU'’-—4UV’)T,, 


and so 


Ta = UVT +4(VU' —§UV’) To, 
T, = UVE'n +4 (VU —4(n—6) UV} Ty. 


Halphen considers that these are the only distinct reciprocants of the orders 
2, 5, 7, 8, 9,..., n; but remarks that we can, with the reciprocants up to any given 
order, form algebraical combinations, in some cases containing as factor a power of the 
reciprocant U or V, so that, rejecting this factor, we have a new independent 
reciprocant, that is, a reciprocant not expressible as a rational and integral function 
of inferior reciprocants; an instance hereof is the foregoing reciprocant 


H =(256A — 27 V°) + at. 


Other like forms are given by Halphen, viz. writing with him T for shortness in 
place of 7, we have for T the following expression in the form of a determinant 


T >| 3b, 2a, da; .p, 0 5 0 s 
4c¢, 8b,.'B, 4, 2a? ? 0 
5d, 4c, c, 2b, 5ab $ a 


6e, 5d, d, 3c, 6ac+ 3h? , 3ab 
if, Ge, e, 4d, Tad+ Tbe , 4ac+ 20? 
89, Tf, fı 6e, 8ae+8bd+4c?, 5ad + 5bc 
and then 

T, =(V4T —1H) + U, 

G =(U*7?+ 9H) + V?, 

© = {2UAT’ +T(8U'A—3UA’)} + J, 

©, =(0 + 44)+ J, 

©, = (0, — 487V) + U, 
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where © is given explicitly in the form of a determinant, viz. this is 


@,=-492i¢, \d, ee. , AIN g l h ; 
b, Cc > d > e > YE ? g 
a, b > C > d ? e 3 I 


a’, 2ab, 2ac+b, 2ad+2be, 2ae+2bd+c*, 2af+ 2be + 2d 
A oat 2ab , 2ac +b? , 2ad+2be , 2ae+2bd+c? 
Gy. A); a, 30> , )~ = Bac + Bab? , 8a°d+ Gabe+ b? 
where ©,=0 is the differential equation of the ninth order of the general cubic curve. 


Halphen’s S, = UV7"+4(VU'—UV’)T, is the above-mentioned reciprocant T,; 
U is connected with © by the formula 2A8 — V°® = Ue. | 


Halphen considers incidentally (p. 56), what may be called a polar relation of the 
variables X, Y and v, y; viz. this is 


-W Yar% 
Am, Y= oo 
whence conversely ps pea 
AT ae e i e. 


We may here express Y and its differential coefficients in regard to X, say 
Y, Yi, Y.ọ..., in terms of y and its differential coefficients in regard to a, say 
Y, Yr» Yo, +» (to avoid confusion with other formule, I purposely use these notations, 
abstaining from the introduction of the letters a, b, c,...). The geometrical signification 
‘is that æ, y, being point-coordinates, then X, Y are line-coordinates. We find, without 
difficulty, 

Y, =a, leo Tmp, =Z”, nanei r Y,=— sr ea LOY + löys, &e. 

Yz Y2 Yz Ya 


Hence, in particular, 


1 
9Y2Y,—45Y,Y;Y,+ 40Y3 =— ye (Dy7Ys — 45Y2Y3Ya + 40Y;°), 


viz. the differential equation 9y°y; — 45Y2YzY4 + 40y =0 (in the former notation 
a?d —3abe+2b?=0) of the conic in point-coordinates gives, as it should do, the 
equation of like form 9Y/Y,—45Y.Y,Y,+ 40Y,'=0 of the conic in line-coordinates. 


The geometrical applications throughout the memoir are very extensive and interesting. 


VIIL 


In Halphen’s second memoir “Sur les invariants différentiels des courbes gauches” 
(1880), instead of a single dependent variable y a function of æ, we have two 
dependent variables y, z, each of them a function of s. 

Cc. XIII. 48 
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The relations between the original variables æ, y, z, and the new variables 
X, Y, Z, are of the general homographic form 


5 ie a ea ae 
? , w > w > w > 
where 
E=an +By +yz +ò, 
n=an+ By +yz +Ò, 
c = aa Si B’y +y”z + De l 
w = a’ at By +y” 2+ 8", 
but he does not from these formule deduce the expressions of Y, Y,,..., Z, Z,,... in 
terms of y, y",..., Z, 2,...3 the investigation is in some measure a geometrical one, 


The notation employed is 


aoe wow 
u= y -y 2), 
viz. u is here the most simple reciprocant, the equation w=0 is obviously the condition 
of a plane curve: 
T y 2m) ai ym" 


Wt tt I 


eT hoo Oe ye — yz 


p de 1 yf zm shes yg" 
A AET Oe eee 


n greater than or equal to 4; viz. these two singly infinite series of symbols 
da, Us, Mg,++-, Os, bs, bg,..., together with u, are used for the expression of the doubly 
infinite series y™z™ —y™z™, by virtue of the identity 
(ya ai ofa") (y (m) gin) pat yz) 
| = (y "a “s yg”) (y am S yz") ik (y’2™ = yz") (ye — yz"), 
or, as this may be written, 
1 yz) es y" gim 
Fe aN ES GS ORE: u = Anbm — Amba: 
The most simple reciprocant (after u) is 
v= Ag ai 2b; — 3A; + 34D, + 2a, 


or rather wv, which is an integral function of the differential coefficients: the signi- 
fication of the equation v=0 is that the tangents of the curve belong to a linear 
complex. This is a property belonging to the tangents of a skew cubic, and the skew 
cubic thus satisfies the differential equation u=0. Another reciprocant is obtained 


w= b; — ab; — 4asb, + 4a2b, — Zapas + 2be + as? + ay, 


or rather ww, which is an integral function of the differential coefficients: and the 
skew cubic satisfies the second differential equation w=0. The formule enable the 
determination of the osculating skew cubic at any point of a skew curve. 
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The general theory is developed in a compact form in the theorems I. to VII, 
and it is shown that the investigation of all the reciprocants depends upon that of 
two reciprocants of the seventh order. The geometrical applications of the theory are 
very extensive and interesting. 


IX. 
Before going further, I remark that the homologic transformation 
X=ar+Byt+y, Y=ae+Pyt+y, 


(which is in point of generality intermediate between Halphen’s homographic trans- 
formation 
a ax + By+y _ we+Byt+y 
a'a + B’y ty’ aa + B’y + y” ? 
and Sylvester's special transformation X =y, Y =g, and which includes as a particular 
case the rectangular transformation 
X=«xcos0+ysin@, Y=—x£sin 0 +y cos ð), 


does not appear to have been explicitly considered. Writing as in the general case 
t, a, b, ¢,..., for 9’, $y”, fy”,..., and T, A, B, C,..., for.¥,, 4Y,, 4Y,,,...3 also taking 
h, k for the increments of æ, y, and H, K for those of X, Y respectively, we have 

H =ah + Bk, k=th+ah?+bhi+chi+..., 

K=ah+ B k, 
that is, 

H=(a +ft)h+B8 (ah? + bh? + ch +...) 

K=(a + Bt) h+ B (ah? + bh + cht +...) 
which, by the elimination of h, must lead to 


K= TH + AH? + BH? + OCH‘ +... 


We have 
a +P. 
a+ Bt’ 
and we write 
ee ane 
MS G4 pe i RRO 
and thence 
yy eB 
a+ Pt.a+ Bt’ 
moreover 
1 1 


and therefore 


48—2 
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Also 


whence, if 


then 


and we have 
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Q=ah +bh? +ch? +...; 


h =p +q +703 4+ sO4 + ..., 
1 
ues, 
1 
q ase, 
1 
r = — z (ac — 26"), 
1 


(œd — 5abe + 5b*), 


. & 
II 


a 


H =(a+t)h+BhOQ, = (| +40) (pO + gO? +r + ...), 


giving 
Q =XH+YVH?+ZH*+ WH‘ +..., 
where, substituting for p, g, 7,..., their values, 
A = pa, 
Y =,7:6—a%, 
Z =p?.c— 3abr + 20°X’, 
W= p*.d—(4ac + 2b") X + 10a*br? — 50, 
and then ie ie 
_ ml tN pg +N (AHA VE to 
A TALTER ag +A (XH + YH?+...)’ 
giving 
K =TH+ AH? + BH'+ CH‘+..., 
where 


whence, substituting for X, Y, Z, W,..., their values, we have T=£, ut 


A= -2.X, 

B=N-2X.Y X, 

C=N-X.Z -MX Y +22X3, 
D=N-2r.W-2A(2XZ4+ YAN. BX2Y — 8X4, 


H 
A =(N —)p.a, 
B =(N A) p.b — 2a, 
C =(N — A) pw. c —5abr + 50°, 
D =(NX — N) pt. d +(— bac — 3b*) A+ 21a*ba? — 14a, 
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It will be observed that w’ enters only into the equation T=% : there are thus 


H 
no reciprocants containing t, i.e. there is here nothing analogous to Sylvesters impure 


reciprocants. But we have as reciprocants, all his pure reciprocants, for instance 


4.AC — 5B: = (N — 2)? (4ac — 5b), &e. 
Putting 
a=0, B=1, «=1, &'=0, 
then 


then T= z: viz. we have here no arbitrary constant entering into this equation only, 


and there are thus reciprocants containing t We have, in fact, the formule of Sylvester's 
theory. 


In the rectangular case, 


a=cos 0, B=sin0, a =—sin#@, 8'= cos ð, 
we have 
cos 0 + tsin 0 


~ sin 0 +t cos 0’ 


where @ enters into the other equations, and there are thus impure reciprocants con- 
taining t, and reciprocants pure and impure which are not reciprocants in the general 
homologic case; but I do not go into the question of these orthogonal reciprocants. 


X 


We have next Sylvester :—“ Lectures on the theory of Reciprocants” (reported by 
J. Hammond), Amer. Math. Journ., t. vI. (1886), pp. 196—260. 


The lectures were delivered at Oxford, Inaugural Lecture, Dec. 1885, starting from 
the Schwarzian function * 
y 


y' 


which. acquires only a factor by the interchange of æ and y, 


k “Ny ‘la, * Na 
In lecture 2, pp. 203 et seq., Sylvester considers the general theory of the functions 
which remain unaltered, except as to a factor, by the interchange of æ, y: viz. writing 


/ A a tit 
bab oan for yaY r ats 
or again 
8 ait LA 


b, do, i, Mg, gy woe for Ys $y”, EY, Y eee 


t "N9 2 6 — A2 
* Schwarzian =% -3 (4) =65-3 (Fy , Where the reciprocant is =bt—a?. 
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and so 
a a, B, Yr ee for Tis KOTE KTE Br e > 
or again 
T, Gp, OE E PENERE 0 Gy he, BO, cGy, +s 

he gives the equations 

a=-a +, or H=—Q + Ë, 

=— bt + 3a? +Ë, a =—a,t + 2a? + t, 
y =— ct? + 10abt— 15a? +#, Ay = — Ant? + 50t — 54è + Ë, 


and obtains with (a, b, c,...) reciprocants such as a, 2bt—3a*, &c., viz. we have 
a =t. 4a, 
2bt — 3a? = — t . 2BT — 30, 
and further on, like forms with (a, a, de, ...). 


It is to be remarked that it is preferable to deal with the quantities (a, a), ds, ...) 
which represent (4y", 4y”, d;y'”,...) rather than with (a, b, c,...) which represent 
(Y, Y”, y’’,...). I do this in the sequel, changing the notation, and writing (t, a, b, ©...) 
to denote (y, 4y”, 4y sry”, ...), Viz. my (t, a, b, c,...) are not Sylvester's (t, a, b; ¢,...),. 
but are his (£, a), a), Ms, ...). 


A reciprocant with Sylvester is thus a function of y and its differential coefficients 
in regard to æ, which except as to a factor remain unaltered when a, y are inter- 
changed, or say, when a, y are changed into X, Y, where X=y, Y=a. This is a 
much less general change than Halphen’s, and thus every reciprocant (Halphen) is a 
reciprocant (Sylvester), but not conversely.’ The reciprocants (Sylvester) are far more 
numerous. I remark that incidentally Sylvester considers reciprocants, which remain 
unaltered save as to a factor, when æ, y are changed into X, Y, where 


X=ae+Byt+y, Y=a'n+ Byty, 
which again is a less general change than Halphen’s—it has been in what precedes 
alluded to as the particular case LZ’ =0, that is, a’ =0, 8” =0. It may be remarked 


that the proper orthogonal substitution corresponding to Sylvester’s substitution is not 
X=y, Y =x, but X=y, Y=—za, viz. we have here the determinant a§’—a'B=+1. 


I develop Sylvesters theory of reciprocants; but I wish first to point out the 
resemblance in form between this theory and that of seminvariants. In the theory of 
seminvariants, from the set of quantities (a, b, c,...) in connexion with an arbitrary 
quantity 0, we deduce a new set (a’, b’, c’,...), where 


aq =.d, 

b =b+ a0, 

č =c+ 2b0+a0, 

d' =d+ 3c0 + 3b@ + a6, 
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or, what is the same thing, if 6’ =— 0, then 
a=a, 
b=b +a, 
c=c +200 +a 0", 
d=d'+3c'0 + 3b'0? + a0”, 


and this being so there exist functions which are the same for unaccented and the 
accented letters respectively; for instance, a’, =a: 
ac= ac+2abé+ ae, 
— b° =— b —2abd — wv, 
that is, a’c’ —b®=ac—b?; and similarly 
ad’ — 3a’b'c’ + 2b? = œd — 3abe + 2b’, &e.; 
these functions a, ac — b, œd — 3abc + 2b, &., are called seminvariants, 


Similarly, in Sylvester’s theory of reciprocants, starting from y, a given function 
of x, we have (t, a, b, c,...) denoting (y’, $y”, 4y”, dy"); and conversely (t, a’, V, c’, ...) 
denoting (a, $2, 44, P¢2m,-+-); taking h, k for the increments of æ and y respectively, 
we have 


k=th +ah? +bh? + cht+dh> + 
h=tkh+dP+UhP+ch+dkh +..., 


which equations determine the relations between (t, a, 6, o, d,...) R: AA PPN, ATA? 
viz. we have ¢t/=1, and then 


a=—a | +Ë, 
b’ =— bt + 2a? +t, 
ce’ =—ct? + 5abt — 5a’ +t, 
d = — d+ (6ac + 30? ) t — 21a*bt +14a4 +t, 


e =—et*+ (Tad + Tbe) t — (28a°c + 28ab’) 2 + 84a*bt — 420° + 24, 


and conversely, 


a=- a’ => t3, 
b = —bY + 2a” w t5, 
c = — c't? + 5a’bt — 5a” +t”, 


www.rcin.org.pl 


384 ON RECIPROCANTS AND DIFFERENTIAL INVARIANTS. [943 


and we thence deduce functions which have equal or opposite values for the accented 
and unaccented letters respectively; these functions may or may not contain #4, ?. 
Thus we have 
. at sks at È, 
bt — a?) t= — (bt —a’) t, 
(2c't’ — 5a’b’) t -E= —(2ct — 5ab) t$, 
(4a’c’— 5b”) t= = (4ac — 5b? ) t-4, 
{(1+t2) 0-20} = {(14+ t) b—2at} t, 
&e. 


These functions of the unaccented letters, or say the same functions omitting the 
exterior power of t, are called Reciprocants; thus we have the reciprocants a, bt— a? 
2ct — 5ab, 4ac— 5b, (1+¢)b—2a*t, &e. Observe that, when the exterior powers of ¢ are 
omitted, then the values are equal or opposite to those with the accented letters save 
as to a power of t, viz. the forms are 


a ` =at, 
b-a =- (bt —a°) t, 
2ct — 5ab =— (20t — 54b) t, 
4ac— 5b? = (4a’c’— 50°) t, 
{(1+ £) b—2a%t} = — {(1 + t?) b — 2a't'} &, 
&e. 


A reciprocant is said to be odd or even according as the sign on the right-hand side 
is — or +; the index of ¢ on the right-hand side is said to be the weight of the 
reciprocant. Reciprocants may be combined in the way of addition if and only if 
they are each of them of the same weight and parity, viz. this being so, then if 
A, V,..., are mere numbers, AR+N'R' +... will be a reciprocant of the same weight 
and parity with each of the reciprocants R, R’,.... 


Reciprocants may in every case be combined in the way of miultiplication; viz. 
two or more reciprocants may be multiplied together giving a reciprocant the parity 
of which is the sum of the parities, and its weight the sum of the weights of the 
component reciprocants. Thus bt—a? and 2ct—5ab being odd reciprocants of the 
weights 6 and 7 respectively, we have (bt—a?)(2ct—5ab) an even reciprocant of the 
weight 13. 


A reciprocant is pure or impure according as it does not or does contain ¢ 
The foregoing equations for a’, b’, c’,..., may be obtained each from the next preceding 
one by operating upon it with 


St (2d, + Bba + 400p + 5d. +...) 


where A is a positive integer, =3 + weight of the letter operated upon (3+3, =6 in 
operating on d’ to obtain ¢, 3+4=7 in operating on e’ to obtain f’, and so on). 
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For example, 
e' = ft (240; + 3bda + 400, + 5dd, + Geda) d' 
= ($a: + $b0,+ $00, +$dd,.+ eda) d, 
viz. operating herewith on 


d', = {— dé + (6ac + 3b’) # — 21a%bt + 14a} -+ t, 


we obtain 
tt, ae e Sl) SEE AY -A 

2ad , —14a%c— Tab, 56a*b, — 42a, 
abe, —2lab?, 28a%d, 
4be , — 14a’ s 
bid: , 

Ssa 

—e, Tad+7be, —28a?c—28ab*, 84a*b, — 42a, 


the value given above. 


The proof is at once obtained : except as to a numerical factor, the operation is 
in fact equivalent to the differentiation of a function of y, and its derived coefficients 
y’, y, ss In regard to z: 


Any pure reciprocant is reduced to zero by the operator 
V=4.40°O, + 5abd, + 6 (ac + $b) 0a +7 (ad + bc) 0, + 8 (ae + bd + he") Op +... 


or say V is an annihilator of any pure reciprocant: compare herewith the theorem 
A, = a0, + 2b0,+ 3c0g+... is an annihilator of any seminvariant; and conversely, any 
homogeneous isobaric function of a, b, c,... reduced to zero by V is a pure reciprocant. 
For instance, for the pure reciprocant 5ac—4b*, we have 


(2a°0, + 5abd,) (4ac — 5b?) = — 20a*b + 20a*b, = 0. 
Any rational and integral homogeneous reciprocant, operated upon with 
G, =(3bt — 3a*) da + (4ct — 4ab) 0, + (5dt — Sac) d.+..., 


produces a like reciprocant. Thus operating upon a with G, we obtain 3bt— 3a’, or 
say bt —a*, and operating hereon again with G, a new reciprocant, and so on. 


The series of reciprocants thus derived from a is 


a, 
bt— a’, 
2ct — 5ab, 
2dt? —Gac | t + 7a°d, 
— 3% 
Ò. tir. 49 
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2e?— Tad | C+ 8are 
— Tbe + llab, 


14f/# — 56ae | 2+108a*%d | t— 88a%c 
— 56bd +199abe | —121a7b?, 
— 28¢? + 3305 
&e. 


These are, in fact, connected with the terms of 


(pa) ret =- (7 ay) s” 


where observe that 0,¢= 2a, 0,a= 3b, 0,6 = 4c, &e. Thus 


iod RNE i ee ENE 
i =) log t= 5 i T) A TEN A ET AA 


A. like generator for pure reciprocants is 
H, = 4 (ac — b?) 0, + 5 (ad — be) 0, + 6 (ae — bd) ða + -5 
thus operating herewith upon (4ac — 5b°), we obtain 
(4ac — b?) (— 10b) + 5 (ad — bc) 4a, = 20a*d — 60abe + 400°, 
viz. we have thus the pure reciprocant ad — 3abc + 2b. 


In repeating this process, we may reduce by means of powers and products of 
earlier reciprocants, and we can also in many cases throw out powers of the recipro- 
cant a. Thus forming the expression for H (a*d — 3abe+ 20°), this is given by column 1 
of the annexed form: multiplying by 25, and adding 24 (4ac— 50}, so as to eliminate 
the term in bt, we obtain the expression in col. 4: or throwing out the numerical 
factor 3, and also the factor a, we have the 


15 2, 3, 4, 5, 
H, 25H, 24H? +3, 
veal 
ave + 6 + 150 + 150 + 50 | æe 
a’bd| — 21 — §25 — 525 —175 | abd 
a’? | —12 — 300 + 384 + 84 + 28 | ac’? 
abe | +51 + 1275 — 960 + 315 +105 | b% 
bs — 24 — 600 + 600 
ER PAEA 


reciprocant + 50a*e — &c. in col. 5, and the outside right-hand column of literal terms. 
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We thus obtain the series of pure reciprocants 


ai + 420 

abh — 2310 ) 
acg — 25648 | + 1176 
a’df + 9240 | — 8085 
ae + 21780 | + 7040 
abg + 36680 | — 1470 
abef + 85386 | + 18963 
abde — 191730 | — 16940 
acte — 59220 | — 27160 
acd? + 120540 | + 26460 
bef — 126945 | — 9555 
bee + 252126 | + 28098 
Pd + 169260 | + 12740 
bed — 419034 | — 52822 
c + 129360 | + 21560 


ah + 7 
abg — 35 
acf — 539 
ade + 605 
abf + 735 
abce + 306 
abd? — 2135 
acd + 1001 
be — 1485 
bed + 3465 
b — 1925 


ag+ 14 
abf— 63 
ace — 1350 
ad? + 1470 
be +1782 
bed — 4158 
e + 2310 


I remark that a pure reciprocant not included in the foregoing series is 


ace + 800 
ad — 875 
ab’e — 1000 
- abed + 2450 
aè — 1344 
be — 35 


XI. 


Halphen assumes that a*d —3abc + 2b* is the sextactic reciprocant, or, what is the 
same thing, that the general conic satisfies the differential equation of the fifth order 
a*d — 3abc + 2b*; the proof is as follows. 


The general equation of the conic may be written 
y +Ax+ B= yky(e-— a.s- ph). 


which depends on the five parameters A, B, k, a, 8. 
49—2 
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We have À 3 
A £- a— 
a TE 
pula 4 _ (2a—-a— BP 
‘ = ik a pee i 
_-tvk(a-By 
{e—a.x2—B}*’ 
or say 


yt =(4) tkt (a-p) te-am- B; 
and we have thus the differential equation (sy y’~§=0. This gives 


da 
d : n=% n 
(arn Mew 


d i= wy It = Ah 
RA ty” — gy” Fy" = 0, 


y” -3 y” Px 5 y” -à y” ae 
brs 1y” -3 y” yf” a 40 y" -14 y” ~ 0, 
that is, ; 
9y” - Syy es 45y” = By” y” K3 40y” — y= 0, 
or say 


9y” y7 pe 45y" y” y” me 40y” h 0. 


But y”, y”, y”, y =2a, 6b, 24c, 120d, and the equation thus is 4320 (a’d—3abe+2b*)=0, 
viz. it is ad — 3abc + 2b? = 


XII. 


Sylvester’s Lectures are published in the American Mathematical Journal as follows: 
Lectures 1 to 10, t. vir. (1886), pp. 196—260; lectures 11 to 32, t. Ix. (1887), viz. 
11 to 16, pp. 1—87, 17 to 24, pp. 113—161, and 25 to 32, pp. 297—352; and lectures 
33 and 34 (34 by Mr Hammond), t. x. (1888), pp. 1—16. In the footnote p. 7 to 
lecture 12, writing 41, Y2, Ys, Ys, ---, for the derived functions of y, he adopts definitely the 
1 1 1 
TAA tee Woe a 
In lecture 13, p. 20, he introduces the term Principiant—“ instead of the cumbrous 
terms Projective Reciprocants or Differential Invariants, it is better to use the single 
word Principiants to denominate that crowning class or order of Reciprocants which 
remain to a factor près, unaltered for any homographic substitutions impressed on the 
variables” —that is, Halphen’s Differential Invariant = Principiant. And in lectures 22 
et seg, Sylvester develops an important theory in regard to Principiants, connecting 
them with reciprocants and seminvariants, viz. he considers a series of seminvariants 
N, A,, Ai, As, ..., and a series of reciprocants M, A, B, O, ..., such that the semin- 
variants formed with either sets of capitals are identical with each other (for instance 
A,A,—A/=AC— B’), and that any such seminvariant is a Principiant. 


notation ¢, a, b, c,..., to mean the reduced functions, y, 
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In what follows, 
instead of VV, A,, A,, A,,...; 1 write N,. A, B,:C,...; 
and instead of M, A, B, OC,..., I write M, A, B, ©..., 


so that N, A, B, C,..., are seminvariants and W, M, B, @,..., are reciprocants. 
The expressions of these functions up to Æ, Œ, are 


N= A= B= C= 8D = 6 = 


ac +l | a@d+l| ae + l|af + liag + 8 | ah + 6 
b — 1 | abc- 3 | abd — 4| abe —- 5|abf-— 48 | abg — 42 
B. +2 ce — 2 cd — 5 ce — 48 cof — 42 
abe +10 | abd + 15 @— 26 de — 45 

eS be? + 15 | abe + 168 | atd?f + 168 

abe — 35 | bed+ 342 | bee + 345 

ab’. + 14 o +» 56 bd? + 180 

ab'd— 452 ced + 174 

b’c?— 681 | abe. — 510 

a bte + 1020 bcd — 1578 

abt’ — 340 bc — 522 

a’btd + 1299 
bec? + 2622 


abec — 2877 
ou + 822 
+1 +3 + 11 + 45 + 1594 + 5616 


In terms of the fundamental seminvariants as indicated by their initial and final 


terms 
aco b=ac—b, œd œb = ad —3abe+ 2b’, &ce., 


the expressions of these functions are 


N = (ac 6°), 

A = (œd œ b°), 

B=(aeoa) — Jae od), 
| C=(afoabe?) — T(acd ob’), 


8D=8(a'g œ atd?) —168(a'ce œ a°) — 113 (atd? œ abe) + 340 (ac? æ bù), 
2E = 2 (a'h © abd’) — 32 (acf œ abe) — 37 (ařde œ abe?) + 137 (a°cd? œ b’). 
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4 = A= 2% = 4e= 8D)= 48E= 
ac+4 edt] ade + 2\)aif + 4) ag + 8)/ah + 48 
B-5 | abe—3| abd- 7 | ae — 16| abf = 36 | ag — 240 
Biya 2) ot Se. kN ahi, Btn ae. of 2. 886 
aberi | abade 45] d? — 25) de —. 360 
ab! — 8| b+ 52 | ae + 114 | at? + 840 
a Be — 103 bed + 282 bee + 2184 
a + 38| & + 56] bd? + 1140 
| atd — 295 | od + 1392 
bc? — 513 | abe — 2400 
abc + 657 | Bed— 8880 
a%® — 200 | be — 3504 
abid + 5955 
bc? + 13836 
abe — 13065 
a’? + 3390 


P paR +3 +19 


+ 139 


+1117 


+ 28785 


[943 


In terms of the fundamental reciprocants of the table, ante p. 387, say these are 


4ac — 5b? = P), œd -— 3abe + 2b? = P;, 


l4a?g —... + 2310b% = Ps, 


the expressions of these functions are 
4M = P,, 
A= Ps, 

508 = aP, — 8P.?, 


406 =4aP,—38P.P;, 
2800D = 200a°P, + 1266aP,P, — 302750P3 — 9128P, 
1680€ = 240a'P, + 2940aP,P, —3156aP;P, + 2373P;P,?. 

Sylvester remarks that a Principiant, eg. a°d — 3abc + 2b*, is at once a reciprocant, 


and in the theory of seminvariants (where a, b, c,..., are the coefficients of the theory) 
a seminvariant; and conversely that any reciprocant which is also a seminvariant is a 


principiant: quà seminvariant, the principiant is annihilated by 


QO, = a0, + 2b0, + 300g + 4d0, + 5ed¢+ ..., 


50a’e —... + 105b% = P,, 
Tah — ... — 1925b¢ = 


10a3f — 


* 
7? 


sas = 290. P,, 


* The eighth column +420a%i...4129360c*, is not the proper value of P,; the proper value is a linear 
combination of the eighth and ninth columns, eighth column +6 ninth column, viz. P,=420a%i... — 102102bc7d : 
see as to this my paper “Tables of Pure Reciprocants to the weight 8,” Amer. Math. Jour., t. xv. (1893), 


pp. 75—77, [933]. 
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and quà reciprocant is annihilated by 
V = 2a, + 5ab0, + (Gac + 3b?) 0g + (Tad + The) 0, + (Sae + Sbd + 4c?) Of + ...5 


and, any function which is annihilated by each of these operators is a principiant. 


We form the foregoing series of functions V=ac—6*, A, B, C,..., as follows, viz. if 
G = (4ac — 50°) 0, + (Sad — Thc) de + (Gae — 9bd) ða + (Taf — 11be) 0.+..., 
then 
5A = GN, 
6B = GA, 


77 =GB+ NA, 
8D = GC + 2NB, 
9E = ŒD +3NC; 
and similarly we form the foregoing series of functions W, M, B, G, ..., a8 follows, viz. if 
©’ = 4 (ac — b?) 0, + 5 (ad — be) 0, + 3 (ae — bd) da + 7 (af — be) 0,4+..., 
(G’ is Sylvesters G), then 


5A = GM, 
6B = GY, 
76 = @GSB— MA, 
8D = GE — 2M, 
9E = GD-3MC. 
As already mentioned, N, A, B, C,..., are seminvariants, M, M 8 
reciprocants. Putting for shortness b= 90, the two sets of functions are connected by 
A=%, or conversely Y = A, 
B=B- A, S$=B+ OA, 
C=C —208+ PA, ©=C+20B+ @A, 


D=D— 306 + 38 — PA, D=D+300+30B+ 6A, 


so that, one of the sets being calculated, the other set can be at once deduced there- 
from. These equations give 


AC—-B=AC-—B*?, AD -—3ABO + 2B? = WD — IABE + 2B*, &e., 


viz. as mentioned above, any seminvariant in the letters A, B, C,..., is equal to the 
same seminvariant in the letters M, B, @,...; or, what is the same thing, any principiant 
has the same expression in the letters A, B, C,..., and in the letters A, $, G,... 
respectively. 


We have thus the entire series of Principiants, 


AC- B, A*D—38ABC+2B°, AH-—4BD+30C?, &c. 
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We may express Halphen’s reciprocants in terms of the capitals A, B, C,.... We 
have 


Uza V=A, AsAC— BF. 
To obtain formule for the higher reciprocants, we require the derived functions 


A’, B’, C’,..., where the accent denotes differentiation in regard to æ. 


We have 
Ox = 3b0q + 4c0, + 5dd,+..., 


(whence in particular a’ = 3b, b’= 4b, c’ =5c,..., as is obvious). Hence, writing 
G = a (3b0q + 400, + 5dd, +...) — b (Bada + 500p + Ted, +...), 
this may be written . 
G’ = a0, — bu, 
if w be the weight of the homobaric function operated upon, reckoning the weights of 


a, b, ¢,..., as 3, 5, 7,... respectively, and consequently the weights of A, B, C,..., as 
15, 20, 25,... respectively. We thus have 


5A = (as — 10b) N, 
6B = (aðs— 15b) A, 

70 =(ad,—20b)B+ NA, 
8D = (að, — 25b) C + 2NB, 
9E = (að; — 30b) D + 3NC, 


of which the first gives only A =@d — 3abc + 2b°. The other equations give the 


required formulæ 
aA’=6B +15b4, 


aB' =70 +20bB — NA, 
aC’ = 8D +2500 —2NB, 
aD’ =9FE + 30bD —3NC, 


Halphen’s H is given by U*H = 256A*— 27V*%, viz. we thus have 
a'H = 256 (AC— BY — 27 Ae. 
His T is defined by the equation U?7’=3VA’—8V’A, that is, 
æT =3A (AC — BY — 8A’ (AC — B’), 
= 3A (AC’— 2BB + CA’)— 8A’ (AC— B), 
= 34°C’ — 6ABB’ + (-—5AC + 8B) A’, 


which is 


or substituting for A’, B’, C’, their values we find 
aT = 24(A2D — 3A BC + 2B?), 


which expression for the reciprocant T' was given by Sylvester. 
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Halphen’s T, is Ur —4H), viz. we thus have 
6a'T, = 24.44(A2D — 3A BC + 2B) — 256 (AC — B} + 27 A’. 
His G is given by V°G= U*7? + 9H, viz. we have 
A*a'G = 576 (A? D — 3A BC + 2B) + 2604 (AC — B} — 243.48, 


where the whole divides by A*; throwing out this factor, we find 


atG = 576 (A°D* — GABOD + 440° + 4B°D — 3B°02) — 243.4°. 


From the expression for T, I find 


ab” = 216A°E — 288A BD — 5044 0° + 576 BO + 1152 (A2D — 3A BC + 2B?), 


and I thence deduce for ere ©, 


=> {2UAT’ + T (80'A — 3UA))}, 


the formula 


393 


a*® = 432 (AC — B) (AE — 4BD + 302) — 576 (AD — GABCD + 4AC* + 4BD — 3B°0%), 


or, what is the same thing, 


= — 144(AC — B’) (AE- rn +576A (ACB - AD? — BE + 2BCD — 


Also ©, = (0+ 1@), that is, a°®,=—> 4 (a4 ła), 


or finally, 
a‘@, = 432 (ACE — AD? — BE +2BCD — C*) — 243 A”. 
Again, . ; 
1 5 
©, = yO —45TV) ee (©, —4STA), 
whence 


a@, = a0, — 4pa‘T'A, 


or substituting, 


0°). 


a’@, = 432 (ACE — AD? — BE + 2BCD — 0°) — 540A (A*D — 3A BC + 25°) — 248 A5. 


Writing 
AC ==, 

AD —38ABC+ 2B=D, 

A?D? —6ABCD + 440° + 4B°D — 3BC? = 0, 
AE —4BD +30? =1, 

ACE — AD: — BE +2B0D - C° = 

Q AHR 
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= $32 (AC — BY) (AB -4BD + 30°) — (A*D* — GABOD + 440" + 4BD — 3B*09), 
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the foregoing results become U= a, V=A, A=G, : 
a'H (Halphen) = 256C*— 27A8, 


aT = 24D, 
6a’ T, = 24A‘D — 2560? + 27 A8, 
a'G = 5760 — 243.45, 
a) = 144C1 + 576AJ, 
aO, = 4323 — 243 A5, 
a, = 4323 — 540AD — 243 A". 
XIII. 
The letters t, a, b,..., of a reciprocant represent (it will be remembered) mere 


numerical multiples of the derived functions of a variable y, in regard to the inde- 
pendent variable æ, and thus equating any reciprocant to zero, we have a differential 
equation in y. For instance, if the orthogonal reciprocant c(1+)—5abt+5a* be put 
=0, (t, a, b, c=, Yz bys, J7Y4), this is the differential equation 


ys + y?) aii 10y: 424s + 15y: =0 
of the order 4. The integral hereof is expressible by the two equations 


E igh lef ealL Bi 
“ISEUN © FSET 4 RV). 
where U, V are real functions of a parameter t, viz. U+iV=(1+ it), U-iV =(1 — tt)’, 
fi =/(—1) as usual}, so that U =1 —15¢ + 15t — t, V=6t — 20¢ + 6t; and «, dr, p, v are 
the four constants of integration. In verification hereof, we have 


dt tdt 


d= NTV Y= eT 4XV)’ 
whence 
d 
P = Nn, = t, yf 
hence 


=F = We +20), or say yè =U +F, 


and thence, using an accent to denote differentiation in regard to ¢, we have 
2y;=«U' +2rV’, 


2% = eU” +20", 


2 
Y? ? U ? ¥ = 0. 
2ysys, U', V 
2y, ; U", ye 


or, eliminating the « and A, 
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Substituting for U, V either of the above-mentioned forms, there is in each case 
a factor in ¢ which divides out; -rejecting this factor, the equation is found to be 


2Y, (1 + t) TPE 20ty24/s pS 30y: = 0, 


that is, substituting for ¢ its value =y, and throwing out the factor 2, we have the 


differential equation 
ys(1 + Yr) — 10%, Y2Ys + l5y = 0. 


XIV. 


But when the reciprocant equated to zero is a Principiant, we have the far more 
important results obtained in Halphen’s Memoir (1): and which are, in Sylvester’s 
lectures, exhibited in a more complete form by expressing Halphen’s reciprocants in 
terms of the foregoing functions A, B, C,.... I recall that a, b, c,... are numerical 
multiples of differential coefficients of the orders 2, 3, 4,... respectively; A, B, C,... 
contain d, e, f,... respectively, that is, differential coefficients of the orders 5, 6, 7,... 
respectively, so that according as the highest capital letter is A, B, C,... respectively, 
the order of the differential equation is 5, 6, 7,... respectively. 


But the equation, Principiant=0, may be interpreted in a different manner, viz. 
if instead of regarding the differential equation as an equation for the determination 
of y, we regard therein y as a given function of æ, {that is, (æ, y) as the coordinates 
of a point on a given curve}, then the differential equation serves for the determination 
of those points on the curve for which a given condition is satisfied, or say it is the 
condition in order to the existence of a singular point of determinate character. 


Halphen’s lowest reciprocants are: as already mentioned: 


U =a, 
V = æd — 3abc + 2b’, = A, 
A , =AC— B. 


U =0, that is, a= 0, is a differential equation of the second order, viz. it is the 
differential equation of a line: otherwise it is the condition for a point of inflexion. 


V=0, that is, A=0, is a differential equation of the fifth order, viz. it is the 
differential of a conic: otherwise it is the condition for a sextactic point. 


A=0, that is, AC— B =0, is a differential equation of the seventh order, it is 
the condition for what Halphen calls a point of coincidence, viz. this is a point on a 
given curve, such that for it the cubic of’ nine-pointic intersection becomes a nodal 
cubic having the point for node and through it one branch of eight-pointic intersection 
and one branch of simple intersection. Observe that this is more than the condition 
that the cubic of nine-pointic intersection shall be a nodal cubic, and accordingly A=0 
is not the differential equation of a nodal cubic. In fact, a nodal cubic depends on 
8 parameters and has therefore a differential equation of the order 8; this will be 
obtained further on. But A=0 is the differential equation of the order 7 of a curve 
such that every point thereof is a coincident point. | 

50—2 
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The differential equation of the order 7, 
24,73, (à — 2) (A + 1) (2A — 1)}. A8 — 38. 5: (X2 — A + 1} Ve = 0, 


has the integral a = ^y^, where a, 8, y represent arbitrary linear functions læ + my +n: 
we may without loss of generality take the linear functions to be of the form 
“+my+n, introducing in this case another constant ©, and writing the integral 
equation in the form a=08^y ^; the number of arbitrary constants is thus = 7. 


If »=2, —1 or 4, the integral equation is a = 8y, a= 8y or a= Py; or say 
it is @=qay, y =aß or a= Py, viz. each of these represents a conic. The differential 
equation is here V=0, viz. we have the foregoing result that V=0, that is, A=0, 
is the differential equation of a conic. 


If \=0, 0 or 1, the differential equation is 


2°. 73, A?—3*. 5?.V8=0; 
À 
the integral equation is here of the form £ = log in fact we have (£) , or for 


A 
a, 8, and y writing àa, 8+Ay, and Ay respectively, this is “=(1+ £) , which when 
B B a 


à is indefinitely large becomes £= exp. © , that is, —=log-. 
y 8 P p y T 6 Yy 
and A=1. 


And similarly for à= 0 


If X~- +1=0, that is, if A=—w, where w is an imaginary cube root of unity, 
the differential equation is A = 0, that is, 4C — B? = 0 (of the order 7 as in the general 
case). The integral equation is a= 8-*y~, viz. this is the equation of the curve every 
point of which is a coincident point. 


If 7=8, the differential equation is 2*A*—3*V®=0, or say 256A*—27V%=0; 
Halphen’s H is a function such that U‘H =256A*— 27 V°, so that this is 


H, = U~ (256A? — 27V*) =0, 


The integral equation is a= f*y~*, that is, ay? =, or the curve is a cuspidal 
cubic, depending upon 7 constants; and it thus appears that the differential equation 
of a cuspidal cubic is the equation of the order 7 


a~ (256 (AC — BP — 2749} = 0. 
Write 
© = 64(A2D* — GABCD + 4AC + 4B°D — 3B°C") + 144.42 (42D — 34 BO + 2B) + 814° 
= 640 +1444°D + 814°, 
© =8 (A2D - 34 BC +2B) +9A4*= 8D + 945, 
V = 3072 (40 — BY = 30720, 


where identically 
D+ 47 = AO. 
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Halphen and Sylvester find that, for a cubic curve the invariants of which are 
S and T (S=—/+U, T=1 — 20} — 8l for the canonical form æ+ y*+ 2° + 6layz =0), we 


have 
4E°S = @? — 401, 


FT = © — GOPP + 6AP., 
(0 an arbitrary multiplier); and we thence have 
Ury A A BAN 
(O°-600V +64) Te’? 
that is, 
T? (©? — 40)’ — 648° (© — 600 + 6A")? = 0, 
z ga 
or if, as with Halphen h = IRA then 


(©: — 6OPY + 6AP} — h (@ — 4OV)' = 0, 
which is the differential equation of the order 8 of a cubic curve having the absolute 


invariant S?+ 7°. 


If for shortness 
P=0 — 4Y, 
R= © — 600V + 6A, 
Q = h?—P r, 
ca T PG HBR sa: 
then the foregoing equation p7 p Bives 
Q_ 7-648 h1 
r re ey i, 
and thus for a nodal cubic we have Q=0; we thus have 
P =0, for the differential equation of a cubic for which S=0, 
R= 0, ” ” » » » T= 0, 
Q = 0, ” » ” nodal cubic, 


these being each of them of the order 8. But the equation Q=0 is reducible to a 
more simple form. We have 


Q=R-P= @ - © =P / 1240 
-1207 +1200V - 120°» | 
+ 120A? - T2AOPY \ 
+36 — 48 + 64W 
— 720 PAV? + 640°V + 36.450 
+ 36A" 
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or, since in the expression in { } the first and second terms are 12@*(A?@ — @*)= ©°Y, 
this is 


Q= v3 ©: =W @? 
— 7240P -72A OP 
+ 640° + 642 5 
+36A°V + 432.44 (A — 2) 


or finally 
Q = V” (© — 36.A°@ + 216 4A°¥ — 64 (P — 9.44}, 


We thus have for the differential equation of the eighth order of the nodal cubic 
(© —36A°® + 216.A°)? — 64 (® — 9A} =0, 


or, since 


O = 640 + 1444°D + 814", and &=8D + 945, 
the differential equation of the eighth order for the nodal cubic finally is 
(640 — 1444*D + 27.A°) + 32768D* = 0. | 
Halphen has ©,=0 for the differential equation of a cubic curve. Putting, as before, 
I =AL-—4BD + 30°, 
J= ACE — AD? — BE + 2B0D — 0”, 
(and therefore IC- AJ = O, I’— 27J? = Quartic Disct.), then, by what precedes, the 
differential equation of the order 9 of a cubic curve is 
a-* {4323 — 540 AD — 243.45 = 0. 
Recapitulating. 
Order. The differential equation for a cubic curve :— 
8. for which invt. S=0, is 
P = © — 12288C' (8D + 9.4‘) = 0, 
8. for which invt. T=0, is 
R = © — 184326 (SD + 9A‘) + 556231040°A: = 0, | 


8. nodal cubic 
Q + (8072V) = (640 — 144.4°D + 27.A°) + 32768D* = 0, 


8. for invt. 64S -+ T? =h, is (h-—1) R?-lQ=0, 
9. for general cubic is 1728J —2160AD — 2434" = 0, 
where for shortness © is retained to signify its value 
= 640) + 1444°D + 814° 


Halphen by a polar transformation finds that these same differential equations, 
changing therein the sign of D, apply to curves of the third class: in particular, the 
last equation, changing therein the sign of D, applies to the general curve of the 
third class, or sextic curve with nine cusps. 
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XV. 


A very important notion in the theory, as well of Seminvariants as of Reciprocants, 
is that of MacMahon’s Multilinear Operator, see his paper “Theory of a Multilinear 
Partial Differential Operator, with applications to the theories of Invariants and Reci- 
procants,” Proc. Lond. Math. Koc., t. xvii. (1886), pp. 61—88: this operator plays so 
important a part in the theories to which it relates, that I venture to reproduce the 
definition of it in what appears to me a simplified and more easily intelligible form, 
and to recapitulate some of the leading properties. 


I take with him the letters to be (a, a, de, ds, ++.) = (a, b, c, d,...), viz. the first 
letter is a or a, the second is a, or b, and so on, but when we are not concerned 
with a term of indefinite rank, I use always (a, b, c, d,...) and the like in regard to 
‘any other series of letters. This being so, the definition of the Multilinear Operator 
of four elements, which is here alone in question, is 


(p, vs m,n), = 


n= 
0 1 2 3 n 
(p )A Oa a ð; ða Bea en ; 
FE jaa ee ae ee a EE a a 
+ (u + 2v) C ð; 04 06 dy eee Onis 
Gb Ba De ys Gg eee: OW] ie While) Aa 
where 
m= 
1 2 19 ee m 
A= a lg? la? i a” 
på F eee m 
B= b ab ab ic a”™—1h 
C= c ac + 40? | ac +ab? T a™—¢+4(m-—1)a"-*b? 
iD d | ad+be | wd+2abe+}b om ad + (m—1) a™-* be + ¥(m~— 1) (m— 2) a”-*b?, 


where the expressions for B, C, D,..., are obtained successively from that of A, = a a’, 
m 


by Arbogast’s rule of derivation, viz. we operate on the last letter of a term, and 
when there is a last but one letter which in alphabetical order immediately precedes 
the last letter, then also upon the last but one letter, and whenever the term thus 
obtained ends in a power, we divide by the index of the power. Thus the term 
4(m—1)a™~& in the third line gives in the fourth line 

4 (m—1)a™”. 2bc +4 (m—1) (m — 2) a”). b?. 4, 


=(m—1)a”~be + £(m—1) (m — 2) a”. 
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Going a step further, we form in this manner the expression 
E= a™ e4+(m—1) a” (bd + $c’) 
+4(m—1)(m— 2) fa”, 3b’ + (m — 3) a™4b . b. p}, 
that is, 
E= ate 
+a" {(m—1)bd+4(m—-1) ec} 
+a”, } (m — 1) (m — 2) be 
+ a™—4, 1 (m — 1) (m— 2) (m — 3) b$, 
which is sufficient to explain the rule. 
It may be noticed that, the operator being linear in yw, v, we have 
(m, v; m, n)= p(l; 0; m, n)+v(0, 1; m, nv). 
The Alternant of two multilinear operators. 
If P, Q are the two operators, we have as usual 
P.Q=PQ+P«Q 


where P.Q denotes the successive operation first with Q and then with P upon any 
operand, PQ is the mere algebraical product of the operators, and P Q is the operator 
obtained by the operation of P upon Q. 


Similarly, Q.P=OP+QeP 
P= xP, 


and since QP is the same thing as PQ, we obtain 
P.Q—Q.P=(P# Q) —(Q*P), 


either of which equal expressions, or say rather the second of them, is called the 
alternant of P, Q and is written [P.Q]: viz. as the definition of the alternant, we have 


[P.Q] = (P+ Q) —(Q* P). Š 
We have the remarkable theorem, that the alternant of any two operators (w, v’; m', n’), 
(u, v; m, n) is an operator (4, n; Ma, m); where 
Las + n- w ’ lan liad , r 
m=(m +m 1) fE (utn) m” +m), 


m-1l , m-—l1 , 
p—- v 
m © m “nett 


n =(n' —n)vv ++ 
m =m +m—1, 
m =n +N, 


or since Mı, % have such simple expressions, say it is an operator (4, n; m +m -— 1, w +n), 
where m, v, have the values just written down. 
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We see at once how these values m,=m’+m—1, m=n' +n, arise: Q= (p, v; m, n) 
contains the letters (a, b, c, d,...) in the degree m, and it contains differential symbols ð 
which, operating on any function of these letters, diminish the degree by 1; similarly 
P= (w, v; m, w) contains the letters (a, b, c, d,...) in the degree m’, and it contains 
the differential symbols 0 which, operating on any function of the letters, diminish the 
degree by 1. Hence PQ contains the letters in the degree (m —1)+ m, and similarly 
Q*P contains them in the same degree (m—1)+m’: thus in the alternant the degree 
is m’+m—1. Again, in Q the weights of the successive functions dA, B, C,... are 
0, 1, 2,... and these are combined with differential symbols Dan, Oan, wee which operating 
on any function of the letters diminish the weight by n, n+1,... respectively: that 
is, the terms 4a, Boa, u ae each diminish the weight by n. So in P=(w’, v; m, n) 
the weights of the successive terms A, B, C,... are 0, 1, 2,... and these are combined 
with differential symbols 0,,,, Oa,,,»--- Which operating on any function of the letters 
diminish the weights by n’, n’+1,... respectively. We may say that Q is a sum 
of terms such as Orda, +h where the subscript k of © denotes the weight of ©; 
operating hereon with P, the corresponding term of PQ is of the form gv ĉan, 
or (what is the same thing) the general form of the terms of P*Q is Ox 0a,,,,,3 and 
in like manner this is the general form of the terms of Q#P; and it is thus also 
the general form of the terms of the alternant [P.Q]. It thus appears that, admitting 
the alternant to be an operator (m, nı; m, m), the.value of nm is n’+n. 


As an instance of the theorem, we may take 
[(, 0, 1, 1), (1, 0, 2, 1)]= (1, 0, 2, 2), 
we have here 
(1, OF iD 03 By DHGyee 2) eGy-0; 1-1), 


* — * 
adr $070, $a ay 
+ bd, | + abd, + abo, + bd, 
+ 00g | + (ac + 40°) da + (ac + 40°) dz + ôa 
+ dd, | + (ad + be) de + (ad + be) 0, + da, 


+ ey | + (ae + bd+$c*) Oy | + (ae +bd+ heo*)dy | + ed, 


= a(ad,+ b0g+ cd, + ddy+...) — 400, = 40°, 
+b ( dda + be + COs +...) + abdg + abdg 
+c( ade + boy +...) + (ac+4$b*)0. +(ac +45), 
+ d( ads +...) | +(ad+be)d% +(ad+bc)a,, 
(=1, 0, 2, 2), as it should be. 
©. XII. 51 
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For the general proof, writing for a moment 
0 = po, 0, = (u T v) A,, Ch=(u + 2v) A,, &e., 
and similarly 
a ee wag g xs (w N v’) AA Q ae (w gi 2v’) ‘A. &e., 
where the accented symbols refer to the values (y’, v; m, n), we have 
[(u’, v's m,n’). (mu, v3 m, n)], 
= Cy Dapy * CoO an =F Codan * Co Dapy 


+ Cn Onan’ + Cn Ody 4n 
-H Cra CERAT + Cntbawangy ; 


[943 


or observing that in the series Ob, Ci, C,,..., the first term that contains dy is Ow, 


and the like as regards the series 0y, C1, Cy, ..., this is 
= {(Co'Oa,/) Cn a (Coda) Cn} Oan iiy 
+ {(C,’ Oey + C1’ On 41) Owy i (Codan TR C10 ans) O'nta} ARRA 
+ {(Co Day si CY Danya + Ox Dawa) Cno T (Coan T Cridan T Coan 42) O'nta} ee ace 


and it is thus of the form 


4 ut n 
C, Can sn’ + (DA TEOR RA + Ci ON ot XC., 


i.e. the value of m is =n +n. 


I confine myself to the comparison of the first and second coefficients: substituting 


for the C’s their expressions in terms of the A’s, we ought to have 


p Ag Oa, (m+ 0'v) An — plodan (W +w) An = py Ao’; 
(HA Cay + (M+) Ar awy) {M+ (n+ 1) o} Ansa 
— (uA ða, + (mtv) Ardany) fe + (n+ 1) v} A'n = (m + n) Ad”. 
Now assuming m, =m +m -— 1, and attending to the values 


1 1 ; 1 F 
A,=—a™, A= a, A,” 5 ar 
SEP een Be ae PH ae “0 m+m—-1” ) 
A; = da T 


Ag, = a,” Ay -$ e Pedia 
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we see at once that in the first equation the terms contain each of them the factor 
a +m, and in the second equation they contain each of them the factor aj”*™~a,; 
omitting these factors, we find 


RETE n BNR 
m +m—1?’ 


kyen BGs 
(uty y)(m— V+ v)u nv) 
-E ui + ny +v) (m -1)— (uty) (w +w +) = p +n. 
The first of these gives 
=(m +m—1) je 7 (wt n'y) — (w +m), 
which is the value of 4: substituting this in the second equation, we have 
y= = (u+n'v+v)(m—1) -E (ui + nv’ + v’) 
+(ity)(Mtnyty) —(u +v) (w +n +7) 
—(m'+m— 1)Ff K (u+nv)— (m’ +m — 1)= (w + nv’). 
In the left-hand column, the terms containing (u +n'v) are 
(w+ n'y) je (m=1)+w +r LE (mi +m— D}, 
=(p+nv) v, 
and there are besides the terms = v(m—1)+v(w +v), hence the left-hand column is 


= wo (w +1) + po! + pl (7 —* +1). 


We have therefore 


-1 a 
vy, = vv (w + 1) + pr + plo (MS +1)—n/ (n + 1)—py (™—* +1) -wn 


that is, 
n=w (w —-n)+E (m-1)v— E (w —1)v. 
To complete the proof, it would be of course necessary to compare the remaining 
terms on the two sides respectively: but in what precedes it is shown that, the form 


being assumed, the expression for the alternant must of necessity be (u, v, m’ +m — 1, n’+n), 
where u, v have their foregoing values. 
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Resuming the equation 
(w, v’; m, n’) (p, v; M, n)| = (fh; vi; Ma, m), 


where pn, n, Mm, % have the before-mentioned values, then if we herein consider 
h, v, Mm, N; fh, n, M, M as given, we can find w, v, m, w. 


We have m=m'+m—1, m=n +n, that is, m=m—m+1, n =n—n, and sub- 


stituting these values in the expressions of A and »,, we find 
1 


fa ES es ihe Leia Le 
th me ma ee E i 
,. ml x i-m , 
pasim = An eg na 
that is, 
Pro Sg BOR le pee 
m (m—-m+1l m—-m+1 mh m” 


(m—1)v $ mı— m , 
Ham ef + YB Ml, 


which are linear equations for the determination of yw’ and v’. 
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